We provide an extension of Monod and Caprace's [6] results on relative amenability and amenability, and their relationship with certain ideals in L 1 (G), to the setting of discrete quantum groups.
Introduction
Caprace and Monod [6] introduced the notion of relative amenability, a concept of amenability of a group H which depends on its inclusion inside of a larger group G. They showed the following are equivalent: H is relatively amenable in G, there exists an H-invariant mean on C lu b (G) * , J 1 (G, H) := ker(L 1 (G) → L 1 (G/H)) has a bounded right approximate identity (brai) in
and there exists a unital, positive L 1 (G)-module map L ∞ (G) → L ∞ (G/H). They also showed amenability of H is equivalent to J 1 (G, H) containing a brai. To show this, they actually showed the following are equivalent: H is amenable, there exists an H-invariant mean on L ∞ (G), J 1 (G, H) has a brai in L 1 0 (H), and there exists an L 1 (G)-module conditional expectation L ∞ (G) → L ∞ (G/H). The last property is readily seen to be equivalent to the existence of a brai on J 1 (G, H). Notice that for discrete G, C lu b (G) = L ∞ (G) and so in this case, relative amenability is equivalent to amenability.
One of the largest research programmes in the theory of locally compact quantum groups is extending theorems from the theory of locally compact groups to this more general setting. The concept of amenability has had a lot success in its generalization to locally compact quantum groups, see for instance [3, 2, 1, 4, 7, 23, 19] . Following this spirit, using the basic guide provided by Monod and Caprace, we prove the same theorems mentioned in the above paragraph in the setting of the discrete quantum groups. In the process, we show relative amenability of a discrete quantum group is the same as amenability. Note that Kalantar et al. [14] had showed the following in their work: a closed quantum subgroup H of a discrete quantum group G is amenable if and only if there there exists an 1 (G)-module ucp map ∞ (G) → ∞ (G/H), if and only if ∞ (G) contains an H-invariant mean. We remark that our results were shown independently with different methodology.
In section 2 we establish the working definitions for locally compact, compact, and discrete quantum groups. We discuss the main results we will be using for amenability and co-amenability. We also prove a claim establishing a relationship between co-amenability, amenability, and the existence of a bounded approximate identity (bai) in L 1 0 (G), generalizing the following result to locally compact quantum groups: a locally compact group is amenable if and only if L 1 0 (G) has a bai. We then discuss our definitions and theory for closed quantum subgroups and coset spaces. In section 3, we first show our main results, and then we discuss some examples. Specifically, we discuss discrete crossed products, natural constructions for building larger dicrete / compact quantum groups out of smaller ones, containing the constituent quantum groups as closed quantum subgroups or cosets.
Preliminaries
For locally compact quantum groups we follow the von Neumann algebraic framework formalized by Kustermans and Vaes [16] . We refer the reader to [15] and [22] for the content of this section and the next. A Locally Compact Quantum Group (LCQG) G is an object comprised of a von Neumann algebra L ∞ (G) together with:
• a coproduct, a unital normal * -homomorphism ∆ G :
• left and right Haar weights, that is, weights ψ L and ψ R which satisfy
We denote the GNS space of ψ L by L 2 (G). The coproduct is unitarily implemented, by which we mean, there exists a unitary
is a completely contractive Banach algebra when equipped with the product (∆ G ) * . We call this product convolution and denote
We equip L ∞ (G) with the L 1 (G)-module structure given by setting ψ, ϕ * x = ψ * ϕ, x and ψ, x * ϕ = ϕ * ψ, x . for ϕ, ψ ∈ L 1 (G) and x ∈ L ∞ (G). Then
We have a reduced C * -algebra of G:
which is weakly dense in L ∞ (G), and for which
defines a coproduct, a co-associative * -homomorphism. We also have a universal C *algebra, C u 0 (G), equipped with a coproduct ∆ u G :
, and which possesses a surjective * -homomorphism Γ G :
We call Γ G the reducing quantum homomorphism of G. The spaces C u 0 (G) and C r 0 (G) are also completely contractive Banach algebras when equipped with the products (∆ u G ) * and (∆ r G ) * respectively. The counit of G is the * -homomorphism u G : C u 0 (G) → C serving as an identity in C u (G) * . Given another LCQG H, a quantum homomorphism is a * -homomorphism π : C u 0 (G) → C u 0 (H) which intertwines the coproducts. A strong quantum homomorphism is a normal *homomorphism σ : L ∞ (G) → L ∞ (H) which intertwines the coproducts. We say G and H are isomorphic if there exists a bijective quantum homomorphism between the two LCQGs.
A unitary corepresentation operator on a Hilbert space H is a unitary U ∈ M (C r 0 (G)⊗ min K(H)) (the multiplier algebra of C r 0 (G) ⊗ min K(H)) such that
where U 13 = (Σ ⊗ id)(id ⊗U ) and U 23 = (id ⊗U ). We say U is irreducible if there are no closed subspaces K ⊆ H such that U (1 ⊗ K) ⊆ (1 ⊗ K).
We can also build the Pontryagin dual of G, G, by defining W G = Σ(W * G ), where Σ is the flip map, that is, the map which sends a ⊗ b to b ⊗ a. Then
is the associated von Neumann algebra which makes G a LCQG with its coproduct implemented by W G . A Pontryagin Duality Theorem holds in this setting: we have that the Pontryagin dual of G is isomorphic to G.
1. The LCQGs for which C u 0 (G) (and necessarily also C r 0 (G)) is commutative are exactly the locally compact groups, and in this case we denote G = G.
2. We say a LCQG is co-commutative if Σ • ∆ G = ∆ G . Then, G is again a group, but we denote G = G and have C u
In this case ∆(λ(s)) = λ(s) ⊗ λ(s).
3. In light of our above remarks, as Banach algebras associated with G, the following denotions are sometimes found in the literature: V N (G) = L ∞ ( G), A(G) = L 1 ( G), C * r (G) = C r 0 ( G), and C * (G) = C u 0 ( G), and A(G) is called the Fourier-algebra of G.
Compact and Discrete Quantum Groups
The study of compact quantum groups was initiated by Woronowicz [29] . First, an algebraic compact quantum group (ACQG) is a unital * -algebra A, together with a coproduct ∆ : A → A⊗ alg A such that a⊗b → ∆(a)(b⊗1) and a⊗b → ∆(a)(1⊗b) are bijections, and an invariant state, that is, a state h ∈ A * such that ϕ * h = ϕ, 1 h = h * ϕ for all ϕ ∈ A * . ACQGs possess a counit ∈ A * (where A * is given convolution as discussed above) and an anti-multiplicative linear isomorphism S :
and m(id ⊗S)(b ⊗ 1)∆(a) = (a)b, which we call the antipode.
We say LCQG G is compact (or a compact quantum group (CQG)) if C u 0 (G) (and necessarily also C r 0 (G)) is unital. In this case we denote C u (G) = C u 0 (G) and C r (G) = C r 0 (G). The irreducible unitary corepresentations on G exist on finite dimensional Hilbert spaces and thus are of the form U = (a i,j ) ∈ M n (C r (G)). It is also the case that there exists a maximal family of corepresentations, denoted Irr(G), so that all unitary corepresentation operators are a direct sum of finitely many copies of elements of Irr(G). When we write M nπ for π ∈ Irr(G), we mean the matrix algebra associated with the finite dimensional corepresentation operator π.
There exists a uniquely dense algebraic compact quantum group, Pol(G), in C u (G) and C r (G), with coproduct ∆ G and invariant state h G . Actually, Pol(G) is the linear span of the coefficients of all irreducible unitary corepresentation opeators. We denote G and S G as the counit and antipode respectively. While clearly G extends to u G , it is not always the case that S G extends to a norm bounded linear map on C u (G). We have that h G extends to invariant states on C r (G) and C u (G), which we call Haar states. We also see that C r (G) = C * (λ(Pol(G))) and C u (G) = C * ( (Pol(G))) where λ : Pol(G) → B(L 2 (G)) is the GNS representation associated with h G and is the universal representation.
A discrete quantum group (DQG) is a LCQG G for which G is compact. Equivalently, a DQG is a LCQG for which L ∞ (G) is separable, and in this case we have
which also has c 0 (G) = C r 0 (G). In particular, we have
Amenability and Co-amenability
We can express invariance somewhat differently. Given ϕ ∈ L 1 (G),
So m * x = m, x . Similarly we have x * m = m, x . We can say the following about invariant means. 3. there exists an invariant mean on L ∞ (G);
there exists a net of states
It is the case that co-amenability is transported via Pontrygain duality to amenability.
The converse is one of the biggest open problems in the theory of LCQGs. It is achieved in the case of CQGs.
For a Banach algebra A, a bounded left / right approximate identity (blai)/(brai) is a net (e i ) such that ||e i a − a|| → 0 / ||ae i − a|| → 0 for all a ∈ A. Whenever (e i ) is both a blai and brai, we call it a bounded approximate identity (bai). We have the following.
The following are equivalent: 4), denote ω i = ω ξi,ξi . Using Banach Alaoglu, we can pass to a weak- * convergent subnet in either C r 0 (G) * or L ∞ ( G) * . Then ω i converges weak- * to u G on C r 0 (G) and to an invariant mean on L ∞ ( G). In particular, this is saying for a bai (e i ) ∈ L 1 (G) that we can take the e i 's to be states.
2. Locally compact groups are co-amenable. Indeed, L 1 (G) always has a bai. (2) is the generalization of Leptin's theorem: a locally compact group G is amenable, that is, G is co-amenable, if and only if A(G) has a bai.
Condition
We will frequently need to conjure invariant states out of invariant functionals. Here is how we can do so. Proof. We follow the same procedure as in the locally compact group case: see ( [6] , Theorem 5 (iv) =⇒ (iii)) or ( [20] , Theorem 2.3.9 (iii)). First, write m = (m) + i (m). We must have (m) = 0 or (m) = 0. Such a decomposition is unique, and using that all functionals are a linear combination of Hermitian functionals, we get that (m) and (m) are still invariant. So we can take m to be real valued, or hermitian elements.
Using Jordan Decomposition, write m = m + − m − where m + , m − ∈ L ∞ (G) * + and are uniquely determined so that ||m|| = ||m + || + ||m − || (see ( [21] , Theorem 4.2)). Take a state ϕ ∈ L 1 (G). Then
It remains to show ||m + * ϕ|| = ||m + || since it follows that ||m|| = ||m + * ϕ|| + ||m − * ϕ|| and uniqueness implies m + = m + * ϕ. Then we apply Theorem 2.1 to be done. Since m + * ϕ is positive,
By scaling m + we get a right invariant state.
We will denote L 1 0 (G) = ker(ϕ → ϕ, 1 ) and call L 1 0 (G) the augmentation ideal of L 1 (G). We obtain the following generalizations from groups. Proposition 2.2. Consider the following:
Any two of the above conditions implies the remaining one.
Proof. We follow the same idea Runde used in ( [20] , Theorem 2.3.9 (ii)) for locally compact groups: we show the equation m = u G − e holds in each case where m is an invariant mean on L ∞ (G) and e is an identity on L 1 0 (G) 
and a net of states ( j ) ⊆ L 1 (G) serving as a bai. Define e i,j = j − ω i ∈ L 1 0 (G). Let ϕ ∈ L 1 0 (G). Then, taking the limit over the product directed set,
2. (2 + 3 =⇒ 1). Let (e i ) ⊆ L 1 0 (G) and, using Theorem 2.4, ( j ) ⊆ B 1 (L 1 (G)) + be bais. Using Banach Alaoglu, take weak- * cluster points e, ∈ L ∞ (G) * of (e i ) and ( j ) respectively. Define m = − e. For ϕ ∈ L 1 (G), we note that ϕ − ϕ, 1 i ∈ L 1 0 (G) for all i and hence (ϕ − ϕ, 1 ) * e = ϕ − ϕ, 1 .
Thus we have
Using Proposition 2.1, we obtain an invariant state.
3. (3 + 1 =⇒ 2). As above, let (e i ) ⊆ L 1 0 (G) be and (ω j ) ⊆ L 1 (G) be the same nets as denoted above. Using Banach Alaoglu, we pass to convergent subnets (e i ) and (ω j ) with weak- * limits e and m. Define i,j = e i + ω j . Again, using Banach Alaoglu, we pass to a convergent subnet with weak- * limit = e + m. Set ψ = ϕ − ϕ, 1 m. We note that ϕ − ϕ, 1 ω j ∈ L 1 0 (G) for all j and so ψ * e = ψ. Then Similarly, * ϕ = ϕ. So we have that i,j * ϕ − ϕ → wk 0 and ϕ * i,j − ϕ → wk 0 for all ϕ ∈ L 1 (G). Co-amenability follows from ( [5] , Section 11, Proposition 4): since B 2 (L 1 (G)) is convex and bounded, and contains ( i,j ), we can find a bai in B 2 (L 1 (G)). In light of the above theorems, since we will be studying DQGs, we will not distinguish between Vaes and Woronowicz closed quantum subgroups and will refer to such simply as closed quantum subgroups, unless we are discussing a more general case requiring distinction. Note that whenever H is a closed subgroup of G, we will always denote π H as the corresponding quantum homomorphism. Again, whenever H is an open quantum subgroup of G, we will always denote σ H as the corresponding strong quantum homomorphism. We get the following nice extensions from the group case. Remark 2.4. Let G be a DQG and H a closed quantum subgroup. It was shown in ([9], Theorem 6.2) that H is discrete. By taking adjoints, we obtain a surjective strong quantum homomorphism π * * H : ∞ (G) → ∞ (H), so H is also open. In light of this, we will simply call closed quantum subgroups of DGQs quantum subgroups. 1. If G = G is a locally compact group in the commutative setting, then H is a closed quantum subgroup of G if and only if it is a genuine closed subgroup: the Gelfand dual of inclusion of subgroups is in correspondence with surjective quantum homomorphisms. This is also the case for open subgroups.
Subgroups and Cosets
2. If G = G is a locally compact group in the co-commutative setting, H is a closed subgroup if and only if H = N where N is a quotient of G.
We also see the following. 
is the central support of σ H . It satisfies the following property:
See [13] for more details.
For the moment, let G be discrete. Given a closed quantum subgroup H, we note that with respect to our notation above, σ H = π * * H . Define ρ :
. Then, the left coset space G/H is seen by ∞ (G/H), the fixed point algebra of ρ, by which we mean
It is the case that ∞ (G/H) is a von Neumann algebra, so we can define 1 (G/H) = ∞ (G/H) * . The definition of a left coset space in general for LCQGs is somewhat more involved since we cannot easily ascend to the von Neumann algebra level or descend to a Hopf algebra level. Since we will not consider the general case, we stop our definitions here. With that being said, the following discussion holds true in general.
The von Neumann subalgebra L ∞ (G/H) is actually a left coideal in L ∞ (G), that is, it satisfies ∆ G (L ∞ (G/H)) ⊆ L ∞ (G)⊗L ∞ (G/H). The inclusion L ∞ (G/H) ⊆ L ∞ (G) (which is wk * -wk * continuous), gives us a completely isometric surjection T H : L 1 (G) → L 1 (G/H). We denote J 1 (G, H) = ker(T H ).
There is an analogous construction to form right cosets H\G of G. We say H is normal if L ∞ (G/H) = L ∞ (H\G). The definition of a right coideal is analogous to that of left coideals.
Remark 2.6. 1. For locally compact groups in the commutative setting, the notion of a coset space coincides with the usual notation of a coset space. In the co-commutative setting, a coset space is a normal subgroup, that is, for a group G with closed subgroup H, G/H = N where N is a normal subgroup of G.
L ∞ (G/H) is both a left and right coideal;

G/H is a LCQG.
Proof. That H is normal if and only if L ∞ (G/H) is both a left and right coideal if and only G/H is a LCQG was shown in [25] . We will justify the assertion that H is normal if and only if J 1 (G, H) is a two sided ideal. Let ψ ∈ J 1 (G, H) and ϕ ∈ L 1 (G). Assume H is normal. Then for ϕ ∈ L 1 (G) and ψ ∈ J 1 (G, H) we have H) using the linear duality noted in Remark 2.6 (2). On the other hand, given x ∈ L ∞ (G/H), we have that for all
With regards to the above remark, we have the following Pontryagin duality result for normal quantum subgroups. We will not define the term "regular", however, we note that the setting of regular LCQGs encompasses all DQG and CQGs, and the commutative and co-commutative settings. 1. For DQGs, Freslon [12] called the above notion relative amenability of G with respect to H. We take the above equivalent definition given by Crann [7] for LCQGs.
2. If H is normal, saying G acts amenably on G/H is the same thing as saying G/H is amenable.
for all x ∈ ∞ (G). Remark 3.1. The above notion is not the notion of relative amenability introduced by Caprace and Monod in [6] . In fact, for locally compact groups, the above condition is well known to be equivalent to amenability (of the subgroup H in G). We are about to show that this is the case for DQGs as well.
The following is shown in the work of Kalanter et al. [14] , however, our approach is different. 
Using Proposition 2.1 we get an invariant mean. Conversely, just take m H . Take an idempotent functional ω ∈ 1 (G). We define a map E ω : ∞ (G) → ∞ (G) by setting E ω (x) = ω * x. The following is surely well known to experts, but we provide a proof. Proposition 3.3. There is a correspondence between continous, linear 1 (G)-module maps E : ∞ (G) → ∞ (G) and functionals ω ∈ ∞ (G) * via E = E ω . We also get the following:
1. E ω is unital if and only if ω is;
2. E ω is positive if and only if ω is;
3. E ω is idempotent if and only if ω is;
4. E ω is a conditional expectation if and only if ω is an idempotent state;
Proof. Take a functional ω ∈ ∞ (G) * . That E ω is continuous and linear is clear. To see that it is an 1 (G)-module map, for ϕ ∈ 1 (G), we compute
and then
The right module action is shown similarly. Conversely, let ω ∈ ∞ (G) * be the functional such that ω, x = • E(x). If we let ϕ ∈ 1 (G), then
On the other hand, if we assume ω is idempotent,
If ω is a state, then E ω is unital and positive, and Tomiyama's Theorem ( [24] , Theorem 1) tells us E ω is in fact a conditional expectation. The converse is clear. For the last statement, observe
Remark 3.2. The above proposition was posed by Kalantar et al. ([14] , Proposition 2.6) in a more general setting. They claimed the following: whenever G is acting on a C * -algebra A, maps of the form a → (id ⊗µ)α(a), for a ∈ A and µ ∈ A * exhibit the properties we mentioned in Proposition 3.3.
We are interested in the case where ω is H-invariant.
We are ready to prove an extension of Caprace and Monod's Theorem 6 in [6] . Note that when we say an ideal I inside a Banach algebra A has a bai in some other sub-algebra B, we mean that there exists a bounded net (e i ) ⊆ B so that e i a → a and ae i → a for all a ∈ I. We mean the analogous thing for right/left ideals, and brai's and blai's. Proof. We follow the outline used for Theorems 5 and 6 in [6] .
(1 ⇐⇒ 2 ⇐⇒ 3). Suppose H is amenable with invariant mean m. Then, using Theorem 2.1, we conjure a net of states (ω i )
Using Theorem 2.4, we obtain a net of states
Using Banach Alaoglu, we pass to a convergent subnet with limit point e = G − m H . Clearly (e i ) ⊆ 1 0 (H) H and then for ϕ ∈ J 1 (G, H)
Assume 3. Given a brai (e i ) ⊆ 1 0 (G) for J 1 (G, H), using Banach Alaoglu, we pass to a convergent subnet with weak limit point e. Define m = G − e. Then ϕ * m = 0 for all ϕ ∈ J 1 (G, H) so m is H-invariant using Corollary 3.2. From Proposition 3.2 we get an invariant mean.
(4 ⇐⇒ 5 ⇐⇒ 6 ⇐⇒ 7 ⇐⇒ 1). Assume 6. Let m ∈ ∞ (G) * be the functional satisfying E m = E as in Proposition 3.3. Take ϕ ∈ J 1 (G, H) and notice that ϕ * m, x = ϕ, E(x) = 0 using the linear duality principle noted in Remark 2.6 (2). An application of Lemma 3.2 tells us m is H-invariant and then Proposition 3.2 tells us H is amenable. That (1 =⇒ 5) is just the combination of Lemma 3.1 and Proposition 3.3. 
Examples: Discrete Crossed Products
We use [8] as a reference for discrete crossed products.
where A is a unital C * -algebra, Γ is a discrete group, and α : Γ → Aut(A) is a homomorphism.
Given a discrete C * -dynamical system, we can form the compactly support A-valued functions on Γ, denoted by A[Γ], which is a * -algebra satisfying sas −1 = α s (a) for all s ∈ Γ and a ∈ A. Using A[Γ] we can form C * -algebras A α Γ and A rα Γ, the universal and reduced discrete crossed products of (A, Γ, α). Whenever Γ is amenable, the universal reduced discrete crossed products coincide. Whenever A happens to be a C * -algebra associated with a CQG, we call (A, Γ, α) a Woronowicz C * -dynamical system. It turns out the discrete crossed product of a Woronowicz C * -dynamical system reflects the notion of a semidirect product of groups. We elaborate on what we mean, along with other important properties below.
Theorem 3.2. [28, 27] Let (C u (G), Γ, α) be a Woronowicz C * -dynamical system. The following hold:
we have that
Irr(G Γ) = {πs = (π i,j s) : π ∈ Irr(G), s ∈ Γ};
3. we have that C r (G α Γ) = C r (G) rα Γ;
5. Γ is a normal subgroup of G α Γ and G = (G α Γ)/Γ via the quantum homomorphism
where a ∈ C u (G) and s ∈ Γ.
The following well known results follow easily from our results.
Proposition 3.4. We have that G α Γ is co-amenable if and only if Γ is amenable and G is co-amenable.
Proof. This is just Theorem 3.2 and Corollary 3.6.
and so 1 ( G α Γ) = 1 (Γ) ⊗ α 1 ( G) and c 0 ( G α Γ) = c 0 (Γ) ⊗ min,α c 0 ( G), where ⊗ α , ⊗ α , and ⊗ min,α are the usual projective, von Neumann, and min tensor products respectively, indexed by α to indicate the dependence of the quantum group structure on the action α.
Proposition 3.5. Let G be a DQG and ( G, Γ, α) a Woronowicz C * -dynamical system. The following are equivalent.
G is amenable;
2. 1 (Γ) ⊗ 1 0 (G) has a bai;
3. 1 (Γ) ⊗ 1 0 (G) has a bai in 1 0 (Γ) ⊗ 1 0 (G); 4. 1 (Γ) ⊗ 1 0 (G) has a bai in 1 0 (G).
there is an
Proof. We will show J 1 (G, H) = ker(T G ) = 1 (Γ) ⊗ 1 0 (G). The rest follows from Theorem 3.1 and Proposition 3.2. The inclusion ∞ (Γ) ⊆ ∞ (Γ)⊗ α ∞ (G) is given by x → x ⊗ 1. Recall, the preadjoint of inclusion is T G : 1 (Γ) ⊗ α 1 (G) → 1 (Γ). Then ϕ ⊗ ψ ∈ 1 (Γ) ⊗ α 1 (G) such that 0 = T G (ϕ ⊗ ψ), x = ϕ ⊗ ψ, x ⊗ 1 = ϕ, x ψ, 1 ,
for all x ∈ ∞ (Γ), has ψ, 1 = 0 or ϕ = 0. Consequently ker(T G ) = 1 (Γ) ⊗ 1 0 (G) as desired.
There are canonical ways of building a crossed product out of a CQG (see [11, 27, 26] It is true that Int(G) is a co-commutative closed quantum subgroup of G. By defining the map Int(G) → Aut(C u (G)), s → α s , such that α s (a) = s * as, we obtain a continuous homomorphism. Then, for any subgroup Γ ≤ Int(G), we get a Woronowicz discrete C *dynamical system (G, Γ, α).
Whenever G is co-amenable and Γ is non-amenable, we obtain examples of a non-amenable DQG containing an amenable closed quantum subgroup outside of the realm of discrete groups.
Example 3.1. Let G be a compact group and Γ a discrete group acting on G by continuous automorphisms α : Γ → Aut(G). Then the discrete crossed product of (C(G), Γ, α) gives rise to an (in general) non-commutative and non-cocommutative CQG [27] . We can easily build examples using Γ = Z and by having Z act on G via inner automorphisms. For example, we can let α h z (g) = h z gh −z for some fixed h ∈ G. In this case, G α Z is a co-amenable CQG.
Here is a non-co-amenable example. Let G = SU (2). We have that F 2 is a discrete subgroup of SU (2), and so we obtain continuous automorphisms α : F 2 → Aut(SU (2)) by setting α s (u) = sus −1 . Therefore, since F 2 is non-amenable, SU (2) α F 2 is non-coamenable. Then SU (2) α F 2 contains SU (2) as an amenable quantum subgroup.
